Quantitative uniqueness for Schrodinger 
operator with regular potentials 

Bakri Laurent *t Casteras Jean-Baptiste ^ 
(N 

o 
b 

03 Abstract 

We give a sharp upper bound on the vanishing order of solutions 
to Schrodinger equation with C 1 electric and magnetic potentials on 
a compact smooth manifold. Our method is based on quantitative 
Carleman type inequalities developed by Donnelly and Fefferman. It 
also extends the first author's previous work to the magnetic potential 
• case. 
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1 Introduction 

m 

o 

{N| Let (M,g) be a smooth, compact, connected, n-dimensional Riemannian 

manifold. The aim of this paper is to obtain quantitative estimate on the 
vanishing order of solutions to 

Au + V- Vu + Wu = 0. (1.1) 
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We are concerned with H 1 , non-trivial, solutions to (1.1) and C 1 potentials 
(i.e W is a (^-function on M and V is a (^-vector field). Recall that the 
vanishing order at a point xq £ M of a L 2 -function u is 



inf { d > ; limsup — j ( — / \u(x)\ 2 dv (x) ) > 

With this setting our main result is the following 

Theorem 1.1. The vanishing order of solutions to (1.1) is everywhere less 
than 

C(l + \\W\\l + \\V\\ c .), 

where C is a positive constant depending only on (M,g). 

Let us first discuss briefly our result. We recall that a differential operator 
P satisfies the strong unique continuation property (SUCP) if the vanishing 
order of any non-trivial solutions to Pu = is finite everywhere. There has 



been an extensive literature dealing with (SUCP) for solutions to (1.1) with 
singular potentials. One of the most useful method to establish (SUCP) is 
based on Carleman type estimates, some of the principal contributions to 



( 1.1 ) can be found in ( PflEl El HOI H51 HSl HZ! ) - We particularly refer to [10J 



which is, to our knowledge, the strongest results up to now. 



As can be seen in Theorem |1.1[ our goal is to derive a quantitative version 
of this unique continuation property. Let us now briefly recall some of the 
principal results already known in this field. 

In the particular case of eigenfunctions of the Laplacian (W = A and V = 0), 
it is a celebrated result of Donnelly and Fefferman [I] that the vanishing 
order is bounded by CvA. In view of this, it seems a natural conjecture (cf 
[9j [11] ) that for solutions to Am + Wu = 0, the vanishing order is uniformly 
bounded by 

C(1 + \\W\\L). 

However, this conjecture is not true when one allows complex valued po- 
tentials and solutions. In this complex case, it is known that the optimal 
exponent on ||lU||oo is | (see [31 [9]). When W is a real bounded function and 
V = 0, Kukavica established in [TT] some quantitative results for solutions 



to (1.1). His method is based on the frequency function (see also [H]) which 
was introduced by Garofalo and Lin in [5] as an alternative to Carleman 
estimate for (SUCP). He established that the vanishing order of solutions is 
everywhere less than : 

C(l + ^/WU + (osc(W)) 2 ), 



where osc(W) = sup W — inf W and C a constant depending only on (M, g). 
If W is C 1 , the first author established in [2] the upper bound 

C(l + ||^|||x), 
with ||W||ci = [j Wj|oo + 1 1 VW 1 1 oo and where the exponent | is sharp. In the 



general case of equation (1.1), it seems that the first algebraic upper bound, 
depending on HVHoo and HWHoo, is given in [3] where it is shown that it is 
everywhere less than 

ca + wvwi + wwwl). 

For the real case with magnetic potential, I. Kukavica conjectured in [H] 
that the vanishing order of solutions is less than 



c(i + HviL + \\w\\ 
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Finally in [T3j (see also [12]) quantitative uniqueness is shown for singular 
potentials. This means that vanishing order is everywhere bounded by a 
constant, which is no longer explicit. Our method is based on L 2 -Carleman 



estimate (Theorem 2.1) in the same spirit as [I] : establish a Carleman 
estimate on the involved operator (here : P : u i— >■ Am + V ■ Vu + Wu) which 
is only true for great parameter r, and state explicitly how r depends on the 
C 1 norms of the potentials V, W. 

Our Carleman estimate will allow us to derive the following doubling inequal- 
ity 



■u 



L 2 (^(, ))<e^ + "^c 1 + ^" C ^|| M || L2(Br( , 0)) . (1.2) 



This doubling estimate implies Theorem |1.1 

The paper is organized as follows. In section 2 we establish Carleman 
estimates for the operator P : u i— > Au + V ■ Vu + Wu. Our method involves 
repeated integration by parts in the radial and spherical variables. For the 
sake of clarity, a part of the computation is sent to the appendix. 

In section 3, we deduce, in a standard manner, a three balls property 



for solutions to (1.1). Then using that M is compact we derive a doubling 



inequality which gives immediately Theorem 1.1 Finally, in section 4, we 
show the sharpness of our result with respect to the power of the norms of 
the potentials V and W. 

1.1 Notations. 

For a fixed point x i n M we will use the following standard notations: 



Ti(TM) will denote the set of C l vector fields on M. 

r := r(x) = d(x,Xo) stands for the Riemannian distance from xq, 

B r := B r (xo) denotes the geodesic ball centered at x$ of radius r, 

e stands for a fixed number with < e < 1. 

Ro, Ri, c, C, C\, C2 will denote positive constants which depend only on 
(M,g). They may change from a line to another. 

|| • || stands for the L 2 norm on M and || • || ^ the L 2 norm on the (mea- 
surable) set A. In case T is a vector field (or a tensor), ||T|| has to be 
understood as || |T| S ||. 



2 Carleman estimates 

Recall that Carleman estimates are weighted integral inequalities with a 
weight function e T< ^, where the function satisfies some convexity proper- 
ties. Let us now define the weight function we will use. 
For a fixed number e such that < e < 1 and To < 0, we define the function 
/ on ] — oo,T [ by f(t) = t — e et . One can check easily that, for |T | great 
enough, the function / verifies the following properties: 
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1 - ee sl ° < f'(t) < 1 Vt e] - oo, T [, 
lim -e"7"(t) = +oo. ^'^ 

t— >— oo 

Finally we define <f>(x) = —f(\nr(x)). Now we can state the main result 
of this section: 

Theorem 2.1. There exist positive constants Rq,C,Ci, which depend only 

on M and e, such that, for any W G C l (M), any V G Ti(TM), any xq G M, 

i 

any u G Cq > (B Ro (xo) \ {^o}) an d any r > Ci(l + ||W||^i + ||V||ci), one has 

C llrV^ (Au + V ■ Vu + Wu)\\ > ri ||rie r< M| + A ||r 1+ ie T< ^VM|| . (2.2) 



Under the additional assumption that supp(u) is far enough from x we 
have the following 



Corollary 2.2. Adding to the setting of Theorem \2.1\ the supplementary 
assumption that 

supp(w) C {x G M; r{x) > 5 > 0}, 

then we have 

C llrV (Am + V ■ Vu + Wu)|| > r§ ||ri e r< M| 



+ r 2 <^ 



r 2 e r u 



T 2 ||r 1+ fe T *Vu 



(2.3) 



Remark 2.3. One should note that, contrary to the corresponding result of 
Donnelly and Fefferman OJ/ ; we are not able to claim that the constants ap- 
pearing above depend only on an upper bound of the absolute value of the 
sectional curvature. This comes from the fact that, working in polar coor- 
dinates, we will have to handle terms containing spherical derivative of the 



metric during the proof of Theorem \2.1\ See in particular the computation 
of I3 in the appendix. 

Remark 2.4. We will proceed to the proof with the assumption that all func- 
tions are real valued. However it can be easily seen that the same inequality 
holds with hermitian product for complex valued functions. 

Proof of Theorem 12.11 We now introduce the polar geodesic coordinates 
(r, 6) near xq. Using Einstein notation, the Laplace operator takes the form 

/ n — 1\ 1 

r 2 Au = r 2 d 2 r u + r 2 (d r ln(^) + J d r u + —d^^dju), 

d 
where di = —— and for each fixed r, 7y(r, 0) is a metric on § n , and we 

write 7 = det(7y). Since (M,g) is smooth, we have for r small enough : 

d r {.l l:> ) < C(l l:) ) (in the sense of tensors); 
\d r {l)\<C- (2.4) 

c- 1 < 7 < C. 

Now we set r = e f . In these new variables, we write : 

e 2t Au = d 2 u + (n - 2 + d t hiJf)d t u + -^(Vt/^w), 
e 2t V = e 2t V t d t + e 2t Vidi. 



Notice that we will consider the function u to have support in ] — oo, Tq[xS' 



n-l 



where |T | will be chosen large enough. The conditions (2.4) become 



dtipf 13 ) < Ce i (7 J ' 7 ) (in the sense of tensors); 

|ft(7)l<Ce*; 

C" 1 < 7 < C. 

Now we introduce the conjugate operator : 

L r {u) = e^e^^e-^u) + e 2t e T ^g{V, V(e- r ^)) + e 2t Wu, (2.5) 
and we compute L T (u) : 

L T (u) = d 2 u + (2rf + e 2t V t + n-2 + dM^y) d t u + e 2t VAu 
+ {ff + rf'V t e 2t + rf" + (n - 2)rf + r^ln^T"/ 

with 

A e u = —-di (y/^yY 3 dju) . 

It will be useful for us to introduce the following L 2 norm on ] — oo, To[xS 
\\v\\ 2 f = [ \v\ 2 ^f'~ 3 dtd9, 



n-X. 



J]~oo,T [xS n - 1 

where d9 is the usual measure on §" _1 . The corresponding inner product is 
denoted by (•, •) , , i.e 

(u,v)f = / uvypyf~ dtdO. 

We will estimate from below ||L t m|| * by using elementary algebra and inte- 
grations by parts. We are concerned, in the computation, by the power of r 
and exponential decay when t goes to — oo. We point out that we have 

e\V t + Vi + d a V t + d fi Vi) < c \\v\\ cl 

with the convention that d a ,dp = {d t , di, . . . , 9 n _i}. First note that by 
triangular inequality one has 

\\L T {u)\\}>\l-II, (2.6) 



with 



d 2 u + A e u + (2rf + e 2t V t )d t u + e 2t VAu 



(r 2 r+Tf / e 2t V t + (n-2)rf' + e M W)u , (2.7) 



and 



// = \\rf"u + rd t \n^f'u + (n- 2)d t u + d t In yfyd t u\\ 2 f . 



(2.1 



We will be able to absorb 77 later. Now, we want to find a lower bound for 
/. Therefore, we start by computing it : 



with 



h 



I = h + I 2 + h, 

d 2 u + (r 2 f 2 + rf'e 2t V t + (n - 2)rf + e 2t W)u + A e u 

I I „2tT^\0„, . „2*T^O ||2 



(2.9) 



h = ||(2r/' + e 2t V t )d t u + e 2t VAu\\* f , 

h = 2 (d 2 u + (r 2 f + rf'e 2t V t + (n - 2)rf + e 2t W)u + A e u 

,(2rf + e 2t V t )d t u + e 2t V i d i u) f . 

We will split the computation into three parts corresponding to the Ii for 
i = l,2,3. 



Computation of I\. 

Let p > be a small number to be chosen later. Since |/"| < 1 and r > 1, 
we have : 



/■ > ^/;, 

r 



(2.10) 



where J{ is defined by : 

A = \V\F\ [dh + (r 2 / 2 + rf'e 2t V t + (n - 2)rf + e 2t W)u + A eM ] 
Now, we decompose I[ into three parts 

/; = ^ 1 + K 2 + ir 3 , (2.i2) 



(2.11) 



with 



V^/1(^ + A^) (2.13) 

V^Tl (r 2 f 2 + r/'e 2 V t + (n - 2)rf + e 2i ^) u||* , (2.14) 

K 3 =2 ( {d 2 t u + A eM ) |/"| , (r 2 f + r/'e 2 *^ + (n - 2)r/' + e 2t W 



K- 



(2.15) 



We just ignore K\ since it is positive. To estimate K 2 , we first note that 



K 2 > 



VT7l/'« - \A7l (r/e 2 V t + (n - 2)r/' + e 2 '^) 



a. 



On the other hand, using that r > C(l + ||V||ci + ||W||^i) and that /' is 
close to 1, we have 

VW\ (rf'e 2t V t + (n- 2)rf + e 2t W) u * 



f 



<cr 4 



^AF 



e t u 



V\F 



u 



Therefore using the assumptions on r, and the exponential decay at — oo, we 
have for To large enough, that every other term in K 2 can be absorbed in 
r %\/W\A- That is : 

K 2 > ct 4 I \f"\\u\ 2 r A ^dtdd. (2.16) 

Now, we derive a suitable lower bound for K 3 . Integrating by parts gives : 

K 3 = 2 J f" (r 2 f + rf'e 2t V t + (n - 2)rf + e 2t w) \d t u\ 2 f* ^dtdO 

+ 2 fd t 



[f [r 2 f + Tf'e 2t V t + (n - 2)rf + e 2t W)\ d t uu^f dtdO 
- 6 J (fr 1 (r 2 f + rfe 2t V t + (n- 2)rf + e 2t w)) fau^y f* dtdB 
+ 2 J f" {r 2 f + rf'e 2t V t + (n - 2)rf + e 2t w) d t \n^d t uuf~ 3 ^dtdO 
+ 2 J f" (r 2 f + rf'ePVt + (n- 2)rf + e 2t w) \D e u\ 2 f'~ 3 ^dtdO 
+ 2 f f"e 2t d l W ■ Y j djUuf'~ 3 ^dtdB 

+ 2rf f"f'e 2 %V t ■ yidjUuf-'Sydtdd, 

(2.17) 



where \Dgu\ 2 stands for 



\D e u\ 2 = diWy lj djU. 



The condition r > C(l + ||V||ci + ||W||gi), Young's inequality and the fact 
that /' is close to 1 imply 



\f\e*\(d t W + fdiVtWdjUulf ^fdtde 

<cr 2 j\f"\(\D e u\ 2 + \u\ 2 )r 3 ^dtd9. 

Now since 2d t uu < u 2 + \d t u\ 2 , we can use conditions (2.1) and (2.5) to get 
K 3 > -ct 2 f\f"\ (\d t u\ 2 + \D e u\ 2 + \u\ 2 ) r'^dtdO. (2.18) 



Therefore, inserting (2.16), (2.18) in (2.12) (recall that K\ > 0), we have 



I[ > -CT 2 J |/"| (\d tU \ 2 + \Dgu\ 2 + \U\ 2 ) f-'y/jdtdO 

+ cr 4 f\f"\\u\ 2 f r3 ^fdtde. (2.19) 



From the definition of /{ (see (2.10)), we get 



h > -per I |/"| {\d t u\ 2 + \D e u\ 2 ) f~ VldtdO 

+ Cr 3 p [ \f"\\u\ 2 f'~ 3 ^dtd9. (2.20) 



Computation of I 2 . 

We begin by recalling that 

I 2 =\\(2Tf' + e 2t V t )d t u + e 2t VAu 
In the same way as for I\, using that r > 1, we have 



T 



Using the triangular inequality, one has 

h > \ Prfd t u\\) - \\e 2t V t d t u + e 2t VAu\\) . 
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Now, using the assumptions on r, we note that 

\\e 2t V t d t u + e 2t VAu\\ 2 f < 2r 2 \\e t d t u\\ 2 f + 2r 2 \\e t D e u\\\ 2 f . 

From the last three previous inequalities and since e f is small for To largely 
negative, we see that the following estimate holds 

h > cT\\d t u\\} - crWe'DeuW}. (2.21) 

Computation of I 3 . 

Since this computation is quite lengthy, we send it to the Appendix. There, 
we show that 

h > 3r / If) \D e u\ 2 f 3 ^dtdd - ct 3 f e l \u\ 2 f'~ 3 ^dtd9 

J J (2.22) 

-crj \f"\\d t u\ 2 r^dtd9-cr 2 J \f"\\u\ 2 r 3 ^dtd9. 

Lower bound for L T u. 



Now recalling that I = h + I 2 + I 3 and using fl2.20| ), ( |2.21| ) and fl2.22[ ), 
we obtain 

I>cr f \d t u\ 2 f' 3 ^dtdO + 3r I \f"\\D e u\ 2 f' S ^dtde 
+ Cr 3 pf\f"\\u\ 2 r S ^dtd9 - cprf\f"\\D e u\ 2 r 3 ^dtd9 
-or f e 2t \D e u\ 2 f~ 3 ^dtd6-cT 3 I e f \u\ 2 f~ 3 ^dtd6 

- cr j\r\\d t u\ 2 r 3 ^dtde - ct 2 j \f'\\u\ 2 r 3 ^dtde. 

Now we want to derive a lower bound for /. Then one needs to check that 



every non-positive term in the right hand side of (2.23) can be absorbed. 
We first fix p small enough (i.e. p < -) such that 

per f |f | • \D e u\ 2 r^dtd9 < It j |/"| • \D e u\ 2 f' 3 ^dtd9 

where c is the constant appearing in (2.23[). Now the other negative terms 



of (2.23) can then be absorbed by comparing powers of r and decay rate at 
— oo. Indeed conditions (2.1) imply that e* is small compared to |/"|. 
Thus we obtain : 



CI > r J\d t u\ 2 r 3 ^dtd6 + rf\f"\\D e u\ 2 r 3 ^dtd9 
+ r i j\f"\\u\ 2 r 3 ^dtd9. 



(2.23) 
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Now we can check that 77 can be absorbed in / for |To| and r large enough. 
Indeed from (2.8), using ( |2.1 ) and ( 2.5[ ) (l^lny 7 /! < Ce*), one gets 



1/ = \\rf"u + rdM^ffu + {n- 2)d t u + d t In ^7^11 J 



< r 2 J \fr\u\ 2 f VldtdO + t 2 J e*\u\ 2 rWldtd9 (224) 

+ C [ \d t u\ 2 f'~ 3 ^dtd6. 



And each term in the right hand side can easily be absorbed in (2.23). Then 
we obtain 

\\L T u\\ 2 f>Cr 3 \\y^r\u\\ 2 +Cr\\d t u\\ 2 +Cr\\^\r\D e u\\ 2 . (2.25) 

Note that, since \/\f"\ < 1, one has 

||^u|i;>C'ri v ^ M ||J + cr|| v ^^||J + C'r|| v ^7l J D e n||J, (2.26) 
and the constant c can be chosen arbitrarily smaller than C . 

End of the proof. 

If we set v = e~ T ^u and use the triangular inequality on the second right-sided 



term of (2.26), then we have 



\e 2t e T ^(Av + V-Vv + Wv)\\ 2 > Ct 3 vTf 7 



c 

+ 2 T 



vT7le T *Q 



tv 



\e v v 



+ Ct 



— CT 



I 



y/\r\f'e T +v 



^\r\e T *D e v (2.27) 



Finally since /' is close to 1 one can absorb the negative term to obtain 



\e 2t e T ^(Av + V-Vv + Wv)\\ 2 > Ct 3 y/lf^e 



Ct 



VlFle^dtV 



Ct 



#|e% (2.28) 

It remains to get back to the usual L 2 norm. First note that since /' is close 
to 1, we can get the same estimate without the term (f')~ 3 in the integrals. 
Recall that in polar coordinates (r, 9) the volume element is r n ~ l ^jdrdO , we 
can deduce from (2.23) that : 



r 2 e T(p (Av + V -Vv + Wvy-zW 2 > CT 3 \\r^e T ^vr- 



CY||r 1+ ie T *Vvr-?|| 2 . (2.29) 
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Finally one can get rid of the term r 2 by replacing r with r + |. Indeed, 
from e T<? V _ t = e^ T+ ^e~^ rE , one can easily check that, for r small enough 



This achieves the proof of Theorem 2.1 



□ 



Next, we demonstrate Corollary 2.2 



Proof of Corollary 2.2[ Now suppose that supp(w) C {x G M;r(x) > 5 > 



0} and define T\ — hi 8. 
Cauchy-Schwarz inequality applied to 

/ d t {u 2 )e- 1 ^idtdB = 2 / udtue'* y/ydtde 
gives 

f dtiu^e-ty/jdtffl < 2 ( f (d t uf e-^dtdOj " ( f v^e^y/jdtdB 

'(2.30) 
On the other hand, integrating by parts gives 

/ d t {u 2 )e- t ^fdtdd= fvfe-tyfydtdB- j u\-%^n{^y))y/^dbdB. (2.31) 

Now since |c?i In ^/o 7 ! < Ce t for \T \ large enough we can deduce : 

/ d t {u 2 y~ l ^dtdB > c I ife-t-s/jdtdO. (2.32) 

Combining (2.30), (2.32) and by the assumption on supp(u), we find 

c 2 J u 2 e- l ^idtd0 < 4 J \d t uf e^y/jdttW 

<4e" Tl / \d t u) 2 ^dtdO. 



Finally, dropping all terms except r J \d t u\ 2 f ^dtd6 in (2.23) gives : 



CI>t5 I e-'lu^f^^dtdO. 



12 



Inequality (2.23) can then be replaced by : 



I>Ct f \d t u\ 2 f'~ 3 ^dtd9 + Ct I \f"\ ■ \D e u\ 2 f'~ 3 ^dtdO 
+ Cr 3 ( |/"| ■ \u\ 2 f'~ 3 ^dtdO + CrS f e-^uff^y/jdtdO. 



(2.33) 



The rest of the proof follows in a way similar to the last part of the proof of 
Theorem 12.11 □ 



3 Vanishing order 

We now proceed to establish an upper bound on the vanishing order of so- 



lutions to (1.1), from our Carleman estimate. This is inspired by [JJ. We 
choose to establish a doubling inequality. We recall that doubling inequality 
implies vanishing order estimate. Before proceeding, we would like to em- 
phasize that if u G if 1 (i? r (xo)), by standard elliptic regularity theory, one 
has that u G H 2 oc (B r (x )) (see for example [6] Theorem 8.8). Therefore, by 



density, we see that we can apply inequality (2.3) of Corollary 2.2 to x u f° r 



X a cut-off function null in a neighborhood of xq 
3.1 Three balls inequality 



We first want to derive from (2.3), a control on the local behavior of solutions 
in the form of an Hadamard three circles type theorem. To obtain such result 
the basic idea is to apply Carleman estimate to x u where x is an appropriate 



cut-off function and u a solution of (1.1). This is standard [21 [8] and the 



proof adapted to our weight function is given for the sake of completeness. 

Proposition 3.1 (Three balls inequality). There exist positive constants R\, 
C\, Ci and < a < 1 which depend only on (M, g) such that, if u is a solution 



to (1.1) with W G ^(M) and V G I\(TM) ; then for any R < R lt and any 



xq G M, one has 

Hull*, ^ < e c ( 1 +ll w d+ll l/ H C i)|| n |r , Jlull 1 " (3 1) 

\\U\\B R (x ) ^ e c W U \\B R {xo)\\ U \\B 2R {x y y 6 - 1 ) 



Proof. Let xq be a point in M. Let u be a solution to ( |1.1 ) and R such that 
< R < ^ with R as in Corollary |zi| Let i/j G C^(B 2R ), < ip < 1, a 
function with the following properties: 

• ip(x) = if r(x) < f or r(x) > ^, 
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ip(x) = 1 if f < r(x) < 

|W>(*)| < % 
|V 2 ^(x)| < %. 



3R 
2 ' 



First, since the function ipu is supported in the annulus Ar &r, we can apply 



estimate (2.3) of Theorem 2.1 In particular, since the quotient between j 
and ^p doesn't depend on .R, we have 



C ||r 2 e T * (Aipu + 2Vw • V^ + V ■ uVip)\\ > r^ \\e r ^iju\ 

Notice that 

\\r 2 e T<t) V ■ uVtp\\ < llVloollrWW-H. 

Then, from the properties of ip and since r > || V\\oo, we get 

rhle^ibuW < C (\\e T,t, u\\R r + ||e T ^|U m 
i n "4.3 2 > 3 



(3.2) 



+ C (R\\e T ^Vu\\RR + E||e T ^Vu 
+ CT\\re T *u\\R r +Cr||re T ^||3« m 



3-R 5jj 
2 ' 3 



(3.3) 

(3.4) 
(3.5) 



Now since r is small, we bound (3.5) and the right hand side of (3.3) from 



above by r||e' r '^u|| h r + r||e T ^ , u|| 3_r sr. Then, dividing both sides of the pre- 

" " 4 ' 3 " " 2 > 3 

vious inequality by r and noticing that r~2 < 1 5 one has : 



\e T *u\\R 3 _R <Ct* (\\e T *u\\RR 
3 ' 2 \" 4 ' 3 



e U\\ 3_R 5-R 
2 ' 3 



+ C (i2||e T *Vd| « r + R\\e T<t) Vu\\ m sr) . (3.6) 
V 4 ' 3 2 > 3 / 

Recall that <fi(x) = — lnr(x) + r(x) £ . In particular is radial and decreasing 
(for small r). Then one has, 



\e T *u\\R3R <Ct* (e^^WuWRR+e^^WuWmm 

3 • 2 v " " 4 ' 3 2 ' 3 

+ C (ite T *(?>||Vu||ji r + ife T ^>||V 

V "4'3 



Mil 3_R 5R ) ■ (3.7) 
2 ' 3 ' 



Now we recall the following elliptic estimates : since u satisfies (1.1) then : 



iVttHoH < C ( _* + \\W\\)l 2 + \\V\\Jj \\u\\ R , forO<a<l. (3.8) 
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Moreover since Ar u r 2 C Br 2 and r > 1, multiplying formula (3.8) by e 
we find 



w>(¥) 



e^¥ 



)||V M || ¥i¥ < CV* f ± + ||^||^ 2 + ||y|| J 



e'*^ u 2 «- 



Using (3.7) and noting that ||e r< ^u|| ; R zr > e T ^ R '\\u\\R R , one has 



lull R 



R 



< Cr*(l + WWWH 2 + \\V\U (e^\\u\\ R + e-^\\u\\ 2R 



with A R = 0(f) — 4>{R) and B R = — (<fi(^r) — 4>(R))- From the properties of 
4> we may assume that we have < A^ 1 < A R < A and < B < B R < B^ 1 
where A and B don't depend on R. We may assume that Cr 5(1 + ||W||oo + 
,) > 2. Then we can add \\u\\r to each side and bound it in the right 



hand side by Cr5(l + ||W|| 



1/2 

oo 



|V|| 00 )e TA ||M||fl. We get : 



\ U \\R 



< Cr^(l + \\W\\)l 2 + \\V\U) (e rA \\u\\R +e- TB \\u\\ 2R ) . (3.9) 



Now we want to find r such that 

Ct 1 hi + \\w\\ 1 J 2 + 



which is true for r > — -| In ( 

satisfy 



)e rB ||w||2R < ^\\u\\u 



1 

2 



2C(l+||W||^ 2 +||y|| 



^r 5 - ) . Since r must also 



r >Ci(l + \\W\\% + \\V 



we choose 

2 



T 



B 



In 



2C(1 + ||J¥||^ 2 + Halloo) IMI2* 



7/ II r, \ 1 

'"' " +Ci(l + ||W||| 1 + ||y|| c i). 



Since, of course, ||C/||ci > ||t/'|| 00 , one has : 

B+2(A+1) 



\u\ 



R 



< e 



C(i+||iv|| c * 1+ ||v|| cl )|| u \\Bn u ,1 

I II2K II M T > 



(3.10) 



2(A+1) 



Finally, defining a = 2 (a+d+b ' we see ^ a ^ (3-10) gives the result 



D 
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3.2 Doubling estimates 



Now we intend to show that the vanishing order of solutions to ( 1.1 ) is every- 

i — 

where bounded by C(l+ ||W||Ji + || V||ci). This is an immediate consequence 
of the following : 

Theorem 3.2 (doubling estimate). There exists a positive constant C , de- 



pending only on (M,g) such that : if u is a solution to (1.1) on M then for 
any xq in M and any r > 0, one has 



MB^ M <e^^^^> MM ^. (3.11) 



To prove Theorem |3.2 we need to use the standard overlapping chains of 



balls argument ( pfl El E] ) to show : 

Proposition 3.3. For any R > there exists Cr > such that for any 



Xq G M, any W G C X {M), any V G Ti(TM), and any solutions u to (1.1) : 

lUill , s > p-c^+ll^lli+ll^llci)!!,,!! „ , 
\\u\\b r {xq) d. e c 1 \\ u \\l 2 (m)- 



Proof. We may assume without loss of generality that R < R±, with R\ as 



in the three balls inequality (Proposition 3.1). Up to multiplication by a 
constant, we can assume that ||w||l2( M ) = 1. We denote by x a point in M 
such that ||w||bh(x) — su PxeM IMIbrOz)- This implies that one has IMI^^ > 



Dr, where Dr depends only on M and R. One has (from Proposition 3.1) 
at an arbitrary point x of M : 

Let 7 be a geodesic curve between xq and x and define x±, • • • ,x m = x 
such that Xi G 7 and B R (xi+i) C Br(xi), for any i from to m — 1. The 
number m depends only on diam(M) and R. Then the properties of (xi)i<i< m 



and inequality (3.12) give for all i, 1 < i < m : 



u\\n ,> >e~ c(1+l|w/|l c 1+l|y|| c 1 )|| M ||- (3 13) 

u\\B R/2 (xi) d e \\ u \\b RJ7 (x 1+1 )- y 6 - 16 ) 



y 2 ( Xi ) ^ "- U"'\\B R/2 (x i+1 y 

The result follows by iteration and the fact that IMI^^) > Dr. 



D 



Corollary 3.4. For all R > 0, there exists a positive constant Cr depending 
only on M and R such that at any point xq in M one has 



-c R {i+w\\i+\\v\\ c i)\ 
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Proof. Recall that ||m||_r,2.r = |I w IU 2 ( j 4k 2 b) with Ar^r '■= {x; R < d(x,Xo) < 



2R)}. Let R < Ri where R\ is from Proposition 3.1, note that R\ < 
diam(M). Since M is geodesically complete, t 
such that B Xl (j) C A Rj2 r. From Proposition 



diam(M). Since M is geodesically complete, there exists a point X\ in A Rj2 r 

one has 



3.3 



\ U \\B 



which gives the result. 



b(xi) > e cl \\u\\i?(m) 
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Proof of Theorem 3Ji. We proceed as in the proof of three balls inequality 



(Proposition 3.1 ) except for the fact that now we want the first ball to become 



arbitrarily small in front of the others. Let R = ^ with Ri as in the three 
balls inequality, let 5 such that < 35 < ~, and define a smooth function ip, 
with < ip < 1 as follows: 



ip(x) 



if r(x) < 5 or if r(x) > R, 



^(x) = lifr(x)e[?,f], 



\Vip(x)\ < f and |V 2 ^(x)| < § if r(x) e [5, f ] , 
|V^(x)| <Cand |V 2 ^(x)| < C if r(s) G [f,i?]. 



Keeping appropriate terms in (2.3) applied to r/m gives 



r 2 \\r 2 e Tlf> 'ijJu\\ + T^5 2 \\r 2 e T< ^'ipu\\ 

< C (||rV*Vu ■ V^ll + ||r 2 e r</, A^|| + ||rV*VW^||) 

Using properties of ^ and since r > ||U||oo, one finds 



(3.14) 



r2 ||rie T< ^|| r r + t* \\e r<t, u\\ M 35 < C(<5||e T0 Vw|| 5 m + ||e^Vw]| s K ) 

8 ' 4 4 ' '4 2 ' 

+ C'(l|e T M*H + l|e T *u|| # ,H) 



,r, 



+ C-llrV^L M + CVIIrV^dl « B . 

^ no, 4 ii 2 ,n 

Now, we bound from above the two last terms of the previous inequality by 



C 



T ( ||e T ^w Lm + \\e T ^u \\r R ). Then we divide both sides of (3.15) by r 

no, 4 ii ii 2 ,jx i 



Noticing that r > 1, this yields to 

\\rie T *u\\R r + ||e T0 d| M « < CV* (<5||e T ^VdLM + ||e T *Vd 

+ CV5 f||e r *uL M + ||e T ^||fl R 

in no, 4 11 2 ,n 



(3.15) 
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From the elliptic estimate (3.8) and the decreasing of 0, we get 



e 4 it r r 

" 8 ' 4 



e^lMU 



.35 



1 3; ||M|| 5fl 
3 



< Cr3(l + ||iy||^ 2 + HVIU) (e^ (<5) || M ||M + e r< ^ } | 
Adding e T< ^ 3<s )||w|| as to each side and noting that we can bound it from above 

4 

by Crs(l + ||W||^ 2 + ||V|| 00 )e r ^||M|| M , we find that 



(f)| 



,r<K3S) I 



M||3<5 



e r0(<5) ||M|U +e^ ( f ) ||M||5H 

2 " " 3 



<CrHl + \\w\\ L /2 + IMU)( 

Now we want to choose r such that 

cv5(i + iiwi^ 2 + wvw^y^WuWsR < V^iwu «. 

\ ll iicxj ll ll / ll ll a 2 " " 8 '4 

For the same reasons as before we choose 
2 . / 1 



r 



-In 



8 ' 4 



0(f) -0(f) V2C(1 + ||W^ 2 + ||V 



It 5fl 
3 



+ C(l + ||W||| 1 + ||V|| c i). 

Define D R = - (0(f) - 0(f))" 1 ; like before, one has < E' 1 < D R < E, 
with E a fixed real number. Dropping the first term in the left hand side 
and noting that < (f)(5) — 0(35) < C, one has 



\\uhs < e 
Finally, from Corollary 



c(i+||w||J 1+ ||v|| c i) ( l|M|l f>f 



-E 



\U\\SR 

3 



\U\\3S 

2 



3.4 



we define r = y to have 



w 1 1 2r < e 



c(i+||w|i 2 1+ ||y|| c i) 



||u|| r . 



Thus, the theorem is proved for all r < f^. Using Proposition 



for r > ^ : 

Id 



3.3 



we have 



Mk (r) > ll«ll fl „ o( ^) > e 



-Co(l+\\W\\?i+\\V\\ c i) 



> e -Ci(i+\\w\\^+\\v\\ c i) 



\U\\L 2 (M) 

Mk (2r)- 
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Finally Theorem 1.1 is an easy and direct consequence of this doubling 
estimate. 
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4 Sharpness 

In this short section we intend to show that the estimate we obtain in Theo- 



1.1 is sharp. That is to say, in the uniform upper bound on the vanishing 



i 



rem 
order 

C(l + \\W\\l + \\V\\ e i), 

one cannot replace the exponents 1 on ||V||ci and 1/2 on ||W||ci by lower 
ones. 

Indeed, consider the function fk(xx,X2,-'' j^n+i) — $le(xi + i%2) k defined 
in M. n+1 . We set h k to be the restriction of f k to S n , so (hk)k is a sequence 
of spherical harmonics and —A§nh k = k(k + n — l)h k . For a smooth, non- 
constant, function / on M, we define 

0fc = e kf h k . 

First, notice that (f> k vanishes at order k at the north pole (0, 0, ■ ■ ■ ,1). Now 
it is easy to check that 

A S n(j) k = (Vfc, (j) k ) + W k (j) k , 

with 

V k = 2kWf, 

W k = kAf - k 2 \\7f\ 2 -k(k + n- 1). 

Then one has C~ x k < \\V k \\ cl < Ck, and C^k 2 < \\W k \\ C i < Ck 2 , for an 
appropriate constant C depending only on (f,n). Therefore the sharpness is 
established. 



5 Appendix. 



The aim of this appendix is to prove the claim (2.22) we used in the proof of 



Theorem 2.1 More precisely, we show the following lemma. 



Lemma 5.1. We have 



h > 3r / \f"\ \D e u\ 2 f'~ 3 ^dtdO - ct 3 /"e*H 2 /' "yfydtffl 

-cr J \f\ \d t u\ 2 r 3 ^jdtde - ct 2 J if i \u\ 2 r 3 ^fdtde. 



(5.1) 
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Proof. We begin by recalling the definition of I3 : 

h = 2 (d 2 t u + [r 2 f + rf'e 2t V t + (n - 2)rf + e 2t W)u + A e u 

,(2rf + e 2t V t )d t u + e 2t V i d i u) f . 

We also recall the following estimates on the weight and the metric : 
1 - ee eT ° < fit) < 1 Vt e] - 00, T [, 



lim -e-*f"(t) = +00, 
t— >— 00 



(5.2) 



(5.3) 



and, V i, j, k E {1, . . .n — 1}, 

dtiY 3 ) < Ce*(7 y ) (in the sense of tensors); 

dk{l 13 ) < C(7 U ) ( m the sense of tensors); 

|$(7)l<Ce*; 
C" 1 < 7 < C. 

We will also use the key assumption on r : 

r>Ci(l + V||W|| C i + ||y|| C i). (5.4) 

In order to compute 7 3 we write it in a convenient way: 

16 

i=l 

where the integrals J« are defined by : 

J 1 = 2rff'd t (\d t u\ 2 )r 3 ^dtd9 

■h = 4r f fdtudi {Vll ij dju) r'dtdO 

J 3 = j for 3 + 2(n - 2)r 2 /'~ 1 + 2rf' 2 e 2t w) d t \u\ 2 ^dtd9 

J 4 = 2r 2 I e 2t V t d t \u\ 2 f' 1 ^dtdO 

J 5 = J e 2t V t d t (\d t u\ 2 )r 3 y^dtd9 

■h = r 2 I e 2t V t d t \u\ 2 f nl ^dtd9 

J 7 = r I ' e At V 2 d t \u\ 2 r 2 ^dtd9 

20 



J 8 = (n - 2)r / ' e 2t V t d t \u\ 2 f~ 2 \fidtd9 
J 9 = [ e 4t WV t d t \u\ 2 f'~ 3 ^dtd6 
Jio = 2 J e 2 %d i ( > /ji ij d j u)d t uf , - 3 dtd9 

Ju = 2 f e^Vidiudfuf'" 3 ^dtd9 
J12 = r 2 f e 2t Vidi\u\ 2 f' 1 y/^dtdO 
J13 = r I e At V i V t d i \u\ 2 f- 2 ^idtdd 
J u = ( n - 2)r I e 2t VA\u\ 2 f~ 2 jidtdQ 
J 15 = I e u ViWd,^u\ 2 f Z ^dtdQ 

Jw = 2 j e 2t V k d k udi {Vll i3 d,u) f'- 3 dtd6. 

Here we noticed that 2d t ud 2 u = d t {\d t u\ 2 ) and 2ud t u = d t \u\ 2 . Before we 
start the computation, we want to point out that the only positive term of 



(5.5) comes from J 2 . Now we will use integration by parts to estimate each 



Jj. Note that / is radial. 

We begin with J\. We find that : 

Ji= f (4r/") \d t u\ 2 r 3 ^dtd9 - J 2rfd t \n^\d t u\ 2 r 3 ^dtde. 



The conditions (5.3) imply that |9 t ln«/7| < Ce l . Then properties (5.2) on 



/ give for large \T \ that |<9 i ln v /7| is small compared to |/"|. Then one has 
■h > -crf\f"\ ■ \d t u\ 2 r"^dtd6. (5.6) 

In order to estimate J 2 we first integrate by parts with respect to <9j : 
J 2 = -2j2Tf'd t d i uY j d j uf~ 3 ^dtd6. 
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Then we integrate by parts with respect to d t . We get : 
J 2 = -At f f'^diudjuf'^y/idtde 

+ f 2Tf'd t \n^f j d i ud j uf'~ 3 ^dtd6 

+ J 2rf'd t (^)d l ud j ur 3 ^dtd9. 
Recall that \D e u\ 2 denotes \D 9 u\ 2 = diWj^djU. Now using that — /" is non- 



negative and t is large, the conditions (5.2) and (5.3) give for |To| large 
enough: 

■h > \r J \f"\ ■ \D e u\ 2 f r3 ^dtd9. (5.7) 

Similarly computation of J3 gives : 

J 3 = -2 /(r 3 + (n- 2)r 2 r 1 )dMVl) u2 Vl dtd 8 

- J{Af - Af" + 2fd t In ^)re 2t Wu 2 f' 3 ^dtde 
+ 2J(n-2)T 2 f"f'\u\ 2 r s ^dtd9 

- I ' 2Tf'e 2t d t W\u\ 2 f'~ 3 ^dtd9. 



From (5.2) and (5.3) one can see that if C\ and To are large enough, then 



J 3 > -cr 3 I e l \u\ 2 f'~ 3 ^fdtdO - ct 2 f \f"\u\ 2 f * y/^dtdO. (5.8) 

We now compute the terms involving only radial derivatives, that is to say 
Ji for i = 4, . . . , 9. We have 

J 4 = 2r 2 [ e 2t V t d t \u\ 2 r 1 y/^dtdO 

= -^ / ** (w,f - v,rr + rm + /v^m sf>) /'- W 

J 4 > -ct 3 J eWf'^yfydtdB, (5.9) 



and 



J 5 = f e 2t V t d t (\d t u\ 2 )f'- 3 ^dtd9 

= - J e 2t \d t u\ 2 (2V t + dtV t - SVtf'f'- 1 + VAQn yfi)) f' 3 ^dtdd 
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J 5 >-crf\f"\\d t u\ 2 f'- 3 ^dtd9. 



(5.10) 



In the last inequality, we use that e* is small compared to |/"|. Let's resume 
our computation. We obtain 



J 6 = r 2 e 2t V t d t \u\ 2 r l ^dtd9 

J 6 > -cr 3 f eWf'-Zyfydtde, (5.11) 

J 7 = r f e 4t \V t \ 2 d t \u\ 2 f'~ 2 ^dtd9 

= -rju 2 e At (A\V t \ 2 f + 2V t d t V t f) f-^dtdO 
+ rju 2 e 4t (2\V t \ 2 f - \V t \ 2 f d t (ln ^)) f~^dtdB 

J 7 > -cr 3 J e^u^f-Syfydtdd, (5.12) 



and 



J 8 = (n- 2)r J e 2t V t d t \u\ 2 f' 2 ^dtdO 

= ~(n - 2)r / e 2t (2^/' + <W - 2/'V t + V& In Vt) M 2 /'"' a/t^ 

J 8 > -cr 2 f\f"\\u\ 2 ^r 3 dtd9, (5.13) 

where we use once more that e* is small compared to |/"|. Finally, for J 9 , we 
get 

J 9 = f e 4t V t Wd t \u\ 2 f'- 3 y^dtd9 

= - J u 2 e u (W t W + d t V t W + V t d t W) f~ 3 ^dtde 

+ J u 2 e At {Sff-'VtW - V t Wd t (\n ^)) f'- 3 ^dtd9 
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J 9 > -ct 3 I e'luff'Syfydtde. (5.14) 

Now, we deal with the terms involving spherical derivative. We recall that 

Jio = 2 / ' eXVtdtudiiyfy^dj^f'-tdtdO. 
Integrating by parts in the spherical variables gives 
J 10 = -2 I e^Vtdidtuyidjuf'-tyfydtde 

- 2 f e^diVtdtwf'djuf'-tyfydtde. 
Now, we use the identity d t \Dgu\ 2 = 2^d t diudjU + d t ^ diudjU to find 
Jio = ~ f e 2t V t (d t \D e u\ 2 - dt^diUdj^f'-^dtde 

- 2 J e 2t d t V t d t uY J d j uf'~ 3 ^dtd9. 
Finally, integrating by parts with respect to the radial variable, 

J 10 = J e 2t \D e u\ 2 (2V t + d t V t - SVtf'f- 1 + V t d t (hi ^)) f~ 3 ^dtd9 
+ I e^Vtdt^diudjuf-^dtdO 

-2 J e 2t diVtd t u^d jU f'- 3 ^dtd9, 
we obtain 

J 10 > -cr J \f"\\d t u\ 2 r 3 ^dtd6 - ct f JlDeuff'Sy/idtdB. (5.15) 
Integrating by parts the following 

Jn = 2 f e 2t Vidiud 2 uf'- 3 ^dtd9, 
gives 
Jn = - 2 / e 2i c^w (2Vj + dtVi - Zf"f- l V % + V&(ln V7)) f^ 3 ^,dtde 

-2 J e 2t Vid t d,iud t uf'' 3 ^dtde. 
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Noticing that 2d t diud t u = di\d t u\ 2 , we have 

Ju = - 2 / e 2t d iU d t u (2Vi + W - 3/V" 1 ^ + Vid t (\n yfi)) f-^dtdO 

- I ' e 2t Kd i (\a t u\ 2 )f'- 3 .fydtdO, 
then integrating by parts the last integral of the right hand side gives 
Ju = "2 / e 2t d t ud t u (2Vj + d t V t - 3/" ' f~ l V % + V&(ln y/% f~ 3 ^dtd9 

e 2t \d t u\ 2 (d t V t + V t d t (ln Vt)) f-^dtdO. 
Therefore we can state that 

Ju > -cr ( \f"\\d t u\ 2 f- 3 ^dtd6 - cr I e^Dgu^f-^dtde. (5.16) 
From the definition of Jyi 

J 12 = t 2 f e^VidiluffVf'-Sy/idtde, 
integrating by parts with respect to the spherical variables gives 
J 12 = -r 2 J u 2 e 2t f' 2 (diVi + VidiQn yfy)) f^^dtdO, 

therefore we can derive the estimate 

J 12 > -cr 3 [ lu^e'f'^^dtdO. (5.17) 

In the same way, we have 

J13 = r fe At V t y t d i \u\ 2 f~ 2 ^dtde 

= -r f u 2 e u f (diVM + VAV t + ViVAQn ^y)) f- 3 ^dtde 

J13 > -cr 3 J lufe'f'^^dtdO, (5.18) 
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J 14 = ( n - 2) r f e 2t Vid t \u\ 2 f'- 2 ^dtd9 

= -(n - 2)r fe^diVt + d t hi yfy)\u\ 2 f~* yfydtffl 

J u > -ct 2 I \f"\\u\ 2 f~ 3 y/^dtd6, (5.19) 



and 



Ji5= f e At ViWdi\u\ 2 r A ^dtd6 

= -[ e 4t (d t VJ¥ + VAW + ViWdi In ^y)\u\ 2 f~ 3 ^dtdff 

J15 > -ct 3 fe^f'^dtde. (5.20) 

We now turn to Ji 6 

Jie = 2 I e 2t V k d k udi{Jll i3 d 3 u)f- ? >dtdd. 

We first integrate by parts with respect to <9 t 

Jie = -2 fe 2t (diV k d k u + V k d t d k uh lJ d 3 uf'- 3 ^dtd9, 

and use the identity did k wf^d^u = -(d k \Dou\ 2 — dk^diudju) to find 

- f e 2t V k (d k \D e u\ 2 - drfdiudjutf'-ZyfydtdB. 
Then an integration by parts with respect to <9fc gives 
Jw = -2 f e 2t d l V k d k u 1 ij d j uf'- 3 ^dtde 

+ Je 2t (d k V k + V k d k (\n^))\D e u\ 2 f- 3 ^dtd0 
+ f e 2t V k d kl iJ d t ud jU f- 3 ^dtd6. 
This yields to : 

4^/WV/-^.. (5.21) 
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Therefore, combining all the previous estimates on the Ji (i. e. (5.6 ) to (5.21 )) 
and noticing that 

cr f iDtfufJf^y/jdtffl < l -r f\f"\ \D e u\ 2 f' 3 y/jdtd9, 
we have established that 

h > 3r / |/"| \D e u\ 2 f'~ 3 ^dtd6 - cr 3 J e^uf f~* yfidtdti 
-crf\f"\ \d t u\ 2 f-'y/ydtffl - cr 2 J |f | \u\ 2 r S ^dtd6. 
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